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ABSTRACT
We explore the formation process of a black hole (BH) through the pair-instability collapse of a rotating Population
III very massive star in axisymmetric numerical relativity. As the initial condition, we employ a progenitor star which
is obtained by evolving a rapidly rotating zero-age main sequence (ZAMS) star with mass 320M until it reaches a
pair instability region. We find that for such rapidly rotating model, a fraction of the mass, ∼ 10M, forms a torus
surrounding the remnant BH of mass ∼ 130M and an outflow is driven by a hydrodynamical effect. We also perform
simulations, artificially reducing the initial angular velocity of the progenitor star, and find that only a small or no
torus is formed and no outflow is driven. We discuss the possible evolution scenario of the remnant torus for the
rapidly rotating model by considering the viscous and recombination effects and show that if the energy of ∼ 1052 erg
is injected from the torus to the envelope, the luminosity and timescale of the explosion could be of the orders of 1043
erg/s and yrs, respectively. We also point out the possibility for observing gravitational waves associated with the BH
formation for the rapidly rotating model by ground-based gravitational-wave detectors.
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1. INTRODUCTION
Gravitational collapse induced by pair instability (PI)
is one of the final fates of very massive stars (VMSs)
(Rakavy & Shaviv 1967; Barkat et al. 1967; Rakavy
et al. 1967; Fraley 1968). In the carbon-oxygen (CO)
core phase, if the CO core enters a region of low density
(. 106 g/cm3) and high temperature (& 109 K), sub-
stantial electron-positron (e+e−) pair creation occurs,
and then, a volume-averaged adiabatic index decreases
below 4/3. Then, the CO core becomes dynamically
unstable and starts gravitational collapse. During the
collapse, C and O in the CO core vigorously burn and
release enormous rest-mass energy as thermal energy. If
the injected thermal energy is sufficiently large, it may
induce the disruption of the overall progenitor star (PI
supernova; PISN) or the ejection for an outer part of the
star (pulsational-PISN) (Woosley et al. 2007). If the in-
jected thermal energy is not large enough to halt the
collapse, these VMSs are expected to form black holes
(BHs).
Under current theoretical understanding, a star with
the mass of a CO core of & 130M collapses to a BH
after the onset of the pair instability (Heger & Woosley
2002; Umeda & Nomoto 2002; Takahashi et al. 2016,
2018). This lower CO core mass limit is estimated
to correspond to the zero-age main sequence (ZAMS)
mass MZAMS & 260M for the case that there is no
efficient (rotational) mixing with a sufficiently less ef-
ficient mass loss (Fryer et al. 2001; Heger & Woosley
2002). The lower ZAMS mass limit may be reduced if
the effect of rotation is taken into account in the pro-
genitor evolution because rotational mixing can recycle
unprocessed material from the progenitor’s outer enve-
lope into the core, and thus, finally the more massive
CO core may be formed. In the case of rapidly rotating
Population III stars, the ZAMS mass limit may reduce
to MZAMS & 190M (Chatzopoulos & Wheeler 2012;
Yoon et al. 2012).
For metal-rich environments, the formation of a mas-
sive star that can form such a high-mass CO core is
considered to be unlikely due to efficient wind mass loss
(Langer et al. 2007; Yoshida & Umeda 2011; Yusof et al.
2013; Yoshida et al. 2014). On the other hand, for metal-
free environments, it has been speculated that such a
massive star can be formed. A recent cosmological simu-
lation indicates that∼ 60% of first stars in number could
have MZAMS > 240M (Hirano et al. 2015). There are
two possible reasons for this high percentage. The first
one is that the typical mass of the first stars can be as
large as ∼ 100M due to the lack of efficient coolants
during its formation (e.g., Bromm & Larson 2004). The
second one is that the rate of the line-driven wind mass
loss is estimated to be too weak to reduce the total mass
during the evolution (e.g., Krticˇka & Kuba´t 2009).
It is pointed out in the simulations of the first-star
formation that rapidly rotating massive stars could be
formed in a metal-poor environment (Greif et al. 2011;
Stacy et al. 2013; Hirano et al. 2015). If a rotating
VMS collapses to a BH, there is a possibility that some
of the material of the star will form an accretion disk
around the BH (Fryer et al. 2001; Shibata & Shapiro
2002). In our previous study for the gravitational col-
lapse of rotating supermassive stars (SMSs) with mass
& 105M (Uchida et al. 2017), which is a candidate for
seeds of supermassive BHs found in the center of many
massive galaxies, we found that if a SMS core is suffi-
ciently rapidly rotating, a surrounding torus with a mass
of ∼ 6% of the initial rest mass is formed after the BH
formation and a fraction of the torus material is ejected
as an outflow by a hydrodynamical effect.
If a gravitational collapse of a rotating VMS proceeds
in the same way as the SMS, there is a possibility that a
torus surrounding a rotating BH is formed and an out-
flow arises, leading possibly to an observable electromag-
netic emission. As a pioneering study, Fryer et al. (2001)
performed one-dimensional (1D) stellar evolution cal-
culations and axisymmetric (2D) gravitational collapse
simulations of rotating VMSs. For the 2D simulations,
they used a Newtonian smoothed particle hydrodynam-
ics code. They indicated that for the case of the VMS
with the initial mass of MZAMS = 300M and rotating
rigidly with the rotation velocity of 20% of the Kepler
rotation at its surface, a He core with mass ∼ 180M
is formed and it collapses to a BH. Although they were
not able to follow the BH formation in their code, they
indicated that a torus would be formed after the BH for-
mation and the mass of the torus and BH would become
∼ 30M and ∼ 140M, respectively.
For an extension of their study, we perform simula-
tions for the gravitational collapse of rotating Popula-
tion III VMSs in axisymmetric numerical relativity. We
use a realistic equation of state that includes the con-
tribution from the pressure of gas, radiation, and de-
generate electrons including e+e− pairs. For the nuclear
reactions, we use the formulation which includes the ef-
fect of C, Ne, O and Si burnings and photodissociation
reaction including 4He → 2p + 2n. We also include ap-
proximately the effect of neutrino emission. The purpose
of this paper is to explore the process of gravitational
collapse of a rotating VMS to a BH. In particular we pay
attention to the properties of the torus and the process
of generating an outflow during the formation process of
the BH and torus.
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This paper is organized as follows. In Section 2, we
describe the setup of our numerical simulation. In Sec-
tion 3, we describe the overview of the collapse showing
our results of numerical-relativity simulations and de-
scribe the processes of the BH formation, torus forma-
tion, and generating outflows for models with various
rotational velocities. In Section 4, we discuss the pos-
sible evolution scenario of the torus by considering the
viscous and recombination effects and estimate the bolo-
metric luminosity of the explosion under the assumption
that the energy injection from the torus to the envelope
of the progenitor star occurs. We also discuss the possi-
bility for observing gravitational waves associated with
the BH formation for the rapidly rotating model. Sec-
tion 5 is denoted to a summary.
2. NUMERICAL SETUP
2.1. Stellar evolution phase
The stellar evolution code described in Takahashi
et al. (2016, 2018) is used to calculate the evolution of
zero-metallicity stars. For the initial chemical composi-
tion, a result of the Big bang nucleosynthesis (Steigman
2007) is used. 47 isotopes are considered in the nuclear
reaction network, which is capable of following the main
reactions during the hydrostatic evolution of a massive
star until the formation of an Fe core.
Effects of stellar rotation are taken into account by the
formulation described in Takahashi et al. (2016). The
rotation-induced mixing and angular momentum trans-
port are calculated by using diffusion approximation.
For the calculation of the diffusion coefficient, we con-
sider the hydrodynamical instabilities of the Eddington-
Sweet circulation, the Goldreich-Schubert-Fricke insta-
bility, the Solberg-Høyrand instability and the dynam-
ical and secular shear instabilities (Pinsonneault et al.
1989; Heger et al. 2000). At this stage, we consider only
the effect of these hydrodynamical instabilities on the
transport of angular momentum and do not consider
the effects of other additional mechanisms.
Stellar evolution is calculated from the ZAMS stage
until the central temperature, Tc, reaches log10Tc [K] ≈
9.2 at which the star is unstable to gravitational col-
lapse due to the PI. At this stage, we map the resulting
1D stellar evolution models onto 2D grids of axisym-
metric gravitational collapse simulations as the initial
conditions.
2.2. Gravitational collapse phase
For solving Einstein’s evolution equations, we use
the same method as in Shibata et al. (2016a). We
employ the original version of the BSSN (Baumgarte-
Shapiro-Shibata-Nakamura) formalism with a punc-
ture gauge (Shibata & Nakamura 1995; Baumgarte &
Shapiro 1999; Campanelli et al. 2006; Baker et al. 2006).
In the 3 + 1 formulation, the metric is defined by the
form
ds2 = −α2c2dt2 + γij(dxi + βicdt)(dxj + βjcdt), (1)
where c is the speed of light and α, βi and γij are the
lapse function, the shift vector, and the induced metric
on three-dimensional (3D) spatial hypersurfaces, respec-
tively. We also define the extrinsic curvature by
Kij ≡ −γ αi γ βj ∇αnβ , (2)
where nµ is a timelike unit-normal vector orthogonal to
3D hypersurfaces. In our BSSN formalism, we evolve
ρg ≡ (detγij)−1/6, γ˜ij ≡ ρ2gγij , A˜ij ≡ ρ2g(Kij −
γijK
k
k/3), K
k
k, and Fi ≡ δjk∂j γ˜ik. We use the stan-
dard 4th-order finite differencing scheme to solve the
gravitational-field equations (see chapter 3 of Shibata
(2016) for a review).
We perform axisymmetric numerical simulations in
cylindrical coordinates (X,Z) using a cartoon method
for imposing axial symmetry (Alcubierre et al. 2001;
Shibata 2003). A previous work of numerical relativis-
tic 3D simulations of rotating stellar core collapse in-
dicated that nonaxisymmetric deformation during the
collapse did not occur unless the progenitor star ex-
tremely rapidly and differentially rotating (Trot/|W | &
0.01) (e.g., Shibata & Sekiguchi 2005). Here, Trot and
W are the initial total rotational kinetic energy and
gravitational potential energy, respectively. In our mod-
els, Trot/|W | . 0.003, and thus, the assumption of ax-
ial symmetry is reasonable during the collapse. After
the collapse, it is suggested that the formed torus would
also deform nonaxisymmetrically due to the Papaloizou-
Pringle instability (Papaloizou & Pringle 1984). How-
ever, Kiuchi et al. (2011) showed that this instability
did not cause the strong deformation of the torus for
the case that its mass is ∼ 10% of the BH mass.
A nonuniform grid is used for X and Z in the following
manner. We define the grid spacing at the center by
∆X0 ≡ X1 −X0.Here X0 = 0 and Xi is the location of
the i-th grid. We set up the grid spacing for the inside
and outside of Xin in the following manner: for Xi <
Xin, ∆Xi ≡ Xi − Xi−1 = ∆X0(const), and for Xin ≤
X ≤ Xmax, ∆Xi = η∆Xi−1, where η is a constant and
Xmax is the size of the computational domain along each
axis. η determines the nonuniform degree of the grid
spacing.
The grid parameters are set to be (∆X0, η, Xin, Xmax) =
(0.6RM , 1.014, 18RM , 3600RM ) until log10Tc [K] = 10,
and then, we perform a regrid changing the parameters
as (∆X0, η, Xin, Xmax) = (0.005RM , 1.014, 0.4RM , 2000RM ).
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Here, RM ≡ GM/c2 where G and M are the grav-
itational constant and the total mass of the progen-
itor star at the end of the stellar evolution calcu-
lation, respectively. For the model of this paper,
M ≈ 290M and RM ≈ 4.3 × 107 cm (see Sec-
tion 2.3). To confirm that numerical results with differ-
ent grid resolutions agree reasonably with each other,
we also perform a simulation with the low-resolution
grid parameters such that (∆X0, η, Xin, Xmax) =
(0.007RM , 1.014, 0.4RM , 1700RM ) for the most
rapidly rotating model (model a10, see Section 2.3). We
show that the numerical results agree reasonably with
each other for two resolution models in Section 3.3.
We use one of Timmes & Swesty (2000) equations
of state which includes the contribution from radiation,
ions as ideal gas, electrons, positrons and corrections for
Coulomb effects. For electrons and positrons, the rela-
tivistic effect, the effect of degeneration and electron-
positron pair creation are taken into account.
In order to include the energy generation by ther-
monuclear reactions and photodissociation reactions in-
cluding 4He→ 2p + 2n, the nuclear reaction calculation
is divided into the following two categories.
Figure 1. Isotopes included in the ”approx 13” nu-
clear reaction network code. This figure is taken from
http : //cococubed.asu.edu/code pages/burn helium.shtml.
For T < 5×109 K, we use the ”approx13” nuclear reac-
tion network code that includes the 13 α-chain elements
(Timmes 1999). Figure 1 shows the 13 α-chain elements
included in this code. On the other hand, for T ≥ 5×109
K, we assume that the abundances of isotopes are in a
state of nuclear statistical equilibrium (NSE), and solve
NSE equations including protons, neutrons and 13 α-
chain elements. In our calculation, we neglect the elec-
tron capture process, and thus, we assume the electron
fraction Ye = 0.5. We include the thermal effect of the
nuclear reactions by using the same formulation as we
described in Uchida et al. (2017).
In our calculation, the thermal neutrino energy loss
is approximately included in the right-hand side of the
equations of motion as
∇λTλµ = u
µρ
c
qneu. (3)
Here, Tµν , u
µ, ρ, and qneu are the energy momentum
tensor, four velocity, rest-mass density of fluid and ther-
mal neutrino emission rate, respectively. To calculate
qneu, we use the analytic fitting formulas introduced
in Itoh et al. (1996). Because neutrinos are optically
thin for most regions of the collapsing star and remnant
torus, we assume that neutrinos are entirely optically
thin in this approximation. In reality, just before the BH
formation, the matter density of the central region of the
collapsing star exceeds 1011 g/cm3 and neutrinos would
become optically thick. However, our simulations show
that this region immediately falls into the BH. Hence, it
would be safe to consider that the formulation of Equa-
tion (3) is applicable for our present study (see Section
3.1 for more detail).
We confirmed that our 2D code successfully repro-
duces 1D results for a PISN calculation of a relatively
low-mass VMS (see Appendix A). This illustrates that
with our prescription, the effect of key nuclear burning
in the self-gravitating system is correctly taken into ac-
count.
2.3. Models
We select a progenitor ZAMS star with its initial mass
MZAMS = 320M. For its initial rotation profile, we
employed the rigid rotation with the rotation velocity
of 50% of the Kepler rotation at its surface (the angu-
lar velocity and radius of the star are ≈ 2.1× 10−4 s−1
and ≈ 5.9× 1013 cm, respectively). As we already men-
tioned, we perform a stellar evolution calculation until
log10Tc [K] reaches ≈ 9.2.
Figure 2 shows the profiles of the density and radius
(upper panel) and chemical distribution (bottom panel)
of the progenitor star at the end of the stellar evolution
calculation. The region of . 150M is a compact core
composed mainly of C and O and & 150M is a broaden
envelope composed mainly of H and He. During the
evolution, the star loses a part of its envelope due to the
mass loss, which is enhanced by the rotation (Langer
1998; Maeder & Meynet 2000). The total mass of the
star at this end stage is M ≈ 290M and the outer edge
of the CO core is located at a radius of≈ 4.3×1010 cm (≈
1000RM ).
The angular velocity profile, ω, of this progenitor star
is denoted by the black solid curve in Figure 3. The CO
core approximately has a uniform rotation profile due to
the convection that occurs in the entire He core during
the He core burning phase. On the other hand, the
envelope rotates approximately rigidly at a very small
angular velocity of the order of 10−10 s−1. This is due
to the fact that during the late stage of the stellar evo-
lution, the convection occurs entirely in the envelope for
this model, redistributing the angular momentum, and
the rigid rotation state is achieved. Because of the ex-
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Figure 2. Progenitor profile of our model as functions of
the enclosed mass at the end of the stellar evolution calcula-
tion. Upper panel shows the radius (solid curve) and density
(dashed curve) profiles, respectively. Lower panel shows the
chemical distribution. The solid, dashed, dotted and dashed-
dotted curves show the chemical abundance of 1H, 4He, 12C
and 16O, respectively.
Figure 3. The angular velocity profile for the original data
(solid curve), models a10 (long-dashed curve), a07 (dashed
curve) and a04 (dotted curve).
panded structure of the envelope (with the radius of its
surface ≈ 3.6 × 1014 cm), the angular velocity is much
smaller than that of the core.
If additional angular momentum transport mecha-
nisms work efficiently during the stellar evolution phase,
the final core angular velocity would be reduced. For ex-
ample, Takahashi et al. (2018) performed 1D stellar evo-
lution calculations of rotating VMSs with and without
the effect of the magnetic stress modeled by the Tayler-
Spruit dynamo (TS dynamo, Spruit (2002)). They indi-
cated that the magnetic models have 10 times slower ro-
tation rate than the non-magnetic models. To consider
the case for which the angular velocity is decreased due
to such effects, we simulated two additional models for
which the angular velocity is multiplied by a factor of
0.7 (model a07) and 0.4 (model a04) together with the
original model (model a10).
At the start of simulations, we artificially reduce the
angular velocity within a small central region of enclosed
mass . 30M for all the models. This is because the
angular velocity profile for the original data sharply rises
at the center, and hence, the dimensionless spin pa-
rameter of the BH in the early stage of the collapse
(MBH . 30M) becomes too large (qBH ≈ 1), and nu-
merical accuracy deteriorates at this time. Here, MBH
and qBH are the mass and dimensionless spin parame-
ter of the BH, respectively. To avoid this difficulty, we
initially reduce the angular velocity within the region of
mass . 30M for all the models. Since the total angu-
lar momentum of this inner region is only ≈ 1% of the
whole core, this handling would not affect strongly the
properties of the final BH, torus and outflow described in
Section 3. The long-dashed, dashed and dotted curves
of Figure 3 show the angular velocity distribution for
models a10, a07 and a04, respectively.
Before closing this section, we predict the mass and
spin of the BH formed after the gravitational collapse
of the core in these models. First, we calculate the
quantities of the BH for the hypothetical case that the
whole core collapses to form a BH. Then the dimension-
less spin parameter of the BH is estimated by qBH ≈
cJcore/GM
2
core where Jcore and Mcore are the total angu-
lar momentum and mass of the core, respectively (for the
original data, Jcore ≈ 2.2×1053 g cm2 s−1).Substituting
Mcore = 150M, we find that qBH for models a10, a07
and a04 are 1.1, 0.78 and 0.44, respectively. For model
a10, qBH exceeds 1. This suggests that all the fluid ele-
ments of the core would not collapse into a BH and that
some elements are likely to form a torus around the BH
for model a10.
Next, we analytically estimate MBH and qBH for all
the models based on the method described in Shibata
et al. (2016b). We describe briefly the method of the
estimation. We assume that a seed BH is formed at the
center of the collapsing VMS core and it dynamically
grows while sequentially absorbing fluid elements from
lower values of specific angular momentum, j. Then,
we calculate approximately the mass, m(j), and spin,
a(j) = cJ(j)/Gm(j) of the hypothetically growing BH
at each moment by
m(j) =
∫
dV ρΘ(j −X2ω), (4)
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and
J(j) =
∫
dV ρX2ωΘ(j −X2ω), (5)
where Θ(x) is the step function which satisfies Θ(x) =
1 (x ≥ 0) and Θ(x) = 0 (x < 0). Here, we neglect all the
relativistic corrections in this analysis because they only
give a minor contribution. Assuming that the BH is a
Kerr BH, we can calculate jISCO(j) by inserting m(j)
and a(j) to Equation (2.21) of Bardeen et al. (1972).
Here jISCO is the specific angular momentum, which is
needed for a test particle to rotate at an innermost stable
circular orbit (ISCO) in the equatorial plane around the
BH. We assume that the growth of the BH would ter-
minate at the moment at which j becomes larger than
jISCO(j). Then, we find that (MBH, qBH) for models
a10, a07 and a04 are (122M, 0.83), (147M, 0.72)
and (150M, 0.44), respectively. We expect that the
remaining mass of the core will form a torus around the
BH or be ejected as an outflow at the formation of a
torus. For model a04, we find that all the fluid elements
of the core are likely to form a BH.
3. RESULT
3.1. Before the BH formation
First, we briefly describe the effect of nuclear reactions
and neutrino emission until the BH formation. Although
the time taken from the start of the gravitational col-
lapse until the BH formation is different for each model
due to the difference of the centrifugal force strength,
the qualitative feature of the collapse dynamics depends
weakly on the angular momentum for each model. Thus,
we focus only on model a10. Hereafter, we take the time
of the BH formation as the origin of time.
Figure 4 shows the time evolution of the central tem-
perature (solid curve), total neutrino emission rate, Qν
(dashed curve), and total energy generation rate of the
nuclear reactions, Qnuc (dotted curve), until the BH for-
mation for model a10. Qν and Qnuc are defined by
Qν =
∫
ρ∗qneuαd3x, (6)
and
Qnuc =
∫
ρ∗qnucαd3x, (7)
respectively. Here, qnuc is the energy generation rate
of the nuclear reactions and ρ∗ ≡ ρut√−g. Until
Tc . 5 × 109 K (t . −6 s), the gravitational collapse
is decelerated by the energy generation due to the nu-
clear burning. However, since our star model is massive
enough, the collapse cannot be halted by the energy in-
jection from the nuclear burning. Then, when Tc reaches
Figure 4. Time evolution of several quantities until the
BH formation for model a10. The solid, dashed and dotted
curves show the central temperature, total neutrino emission
rate and total energy generation rate of the nuclear reactions,
respectively. For t . −6 s, Qnuc > 0 and for t & −6 s,
Qnuc < 0. Here, t = 0 is the time at which a BH is formed.
∼ 5× 109 K (t & −6 s), partial photodissociation reac-
tion of heavy elements into 4He occurs at the center,
and thus, the total energy generation rate of the nuclear
reactions becomes a negative value. When Tc reaches
∼ 1010 K (t & −0.5 s), photodissociation reaction of 4He
sets in at the center. Since this reaction increases the
number density of nucleons, the gas pressure increases
sharply at the center, and then, the adiabatic index is
slightly increased. However, this effect does not play a
significant role for halting the collapse.
In our formulation, neutrinos take away a large
amount of the thermal energy of the central region,
and thus, the central region collapses promptly to a
BH. In reality, neutrinos in the high density region with
ρ & 1011 g/cm3 would become optically thick, and thus,
the neutrino cooling would not be efficient in this region.
In order to investigate this effect, we also performed a
simulation for the same condition as model a10 but
not including the neutrino emission (this corresponds
to assuming that all neutrinos are trapped). We find
that although the high density core supported by the
gas pressure is temporary formed and the collapse is
delayed by ∼ 0.3 s, the core immediately collapses to a
BH and our final results do not change qualitatively.
3.2. After the BH formation
Although the qualitative feature of the collapse dy-
namics until the BH formation depends weakly on it,
the final outcomes depend strongly on the initial rota-
tion velocity. In this section, we outline the process
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Figure 5. Snapshots of the density profiles during the VMS core collapse for model a10. The origin of time is taken at the
time of the BH formation. The red arrows denote the velocity profile, ui/ut(i = X,Z), which are normalized by c or 0.1c for
which the size is indicated in the upper right-hand corner of each snapshot. The 5th–9th panels show zoom-out views of the
outer region
of the gravitational collapse after the BH formation for
each model separately.
3.2.1. model a10
Figure 5 displays the snapshots of the density profile
after the BH formation for model a10. As already men-
tioned, the collapse cannot be halted by the energy injec-
tion from the nuclear burning, and thus, a BH is formed
at the center without any strong bounce (1st panel of
Figure 5). Indeed, the central density exceeds the nu-
clear density (∼ 1014 g/cm3) just before the BH forma-
tion (t & −5 ms), and thus, there is a possibility that a
proto-neutron star (PNS) is formed temporarily at the
center. However, this is not the case because the VMS
which we consider here is massive enough. Nakazato
et al. (2007) shows that for the case of the gravitational
collapse of mostly isentropic iron core with si > 7.5kB
(core mass & 10M), the core collapses promptly to a
BH without a quasi-stationary PNS formation. Here, si
and kB are the initial specific entropy of the core and
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Figure 6. The distribution of j/jISCO of the torus for model
a10 at t = 1.20 s. Here, j is the specific angular momentum
of the fluid elements and jISCO is the specific angular mo-
mentum, which is needed for a test particle to rotate at an
ISCO in the equatorial plane around the BH.
Boltzmann constant, respectively. Because the cores of
our models are mostly isentropic and si ≈ 15kB, it is
safe to ignore the effect of the PNS formation for our
models.
Since the fluid elements conserve their specific angular
momentum, j, the growth of the BH is suppressed when
their specific angular momentum is larger than jISCO for
the growing BH. Here,
j ≡ chuϕ, (8)
where h and uϕ are the specific enthalpy and the az-
imuthal component of the four velocity for the fluid, re-
spectively. Fluid elements with j > jISCO form a torus
surrounding the BH (2nd panel of Figure 5).
At the same time, a fraction of the fluid elements in
the torus is pushed inward by the inertia of the entire
torus matter which has small infall velocity. Then, a
part of material falling from a high latitude hits the
inner part of the torus, and then, due to the strong
encounter among the fluid elements, shocks are formed.
As a result, a dense bubble (of a torus shape) is formed
by the shock heating near the inner edge of the torus
(X . 5× 107 cm, 3rd panel of Figure 5).
Figure 6 displays the distribution of j/jISCO at t =
1.20 s. jISCO is calculated in the following manner. At
t = 1.20 s, the mass and spin of the BH are MBH ≈
112M and aBH ≈ 0.84MBH, respectively. Assuming
that the BH is a Kerr BH, we calculate jISCO by insert-
ing MBH and aBH to Equation (2.21) of Bardeen et al.
(1972). Since a majority of the matter in this bubble has
larger values of j than jISCO and very hot, it does not
Figure 7. Time evolution of several quantities for model
a10. The solid, dotted and dashed curves show the total
mass, internal energy and neutrino emission rate of the re-
gion with ρ ≥ 106 g/cm3, respectively. The thin-solid, thin-
dotted and thin-dashed curves show these quantities for the
low-resolution case, respectively.
accrete onto the BH and starts expanding as an outflow
forming shocks (4th and 5th panels of Figure 5).
The expansion of the shock front decelerates tem-
porarily at (3–5) ×109 cm away from the BH because the
pressure behind the shock and the ram pressure of the
infalling matter are balanced at this point (6th panel of
Figure 5). However, in a few seconds afrer the stalling
of the shock, the expansion of the shock front sets in
again because of the decrease of the density of the in-
falling matter and resulting decrease of the ram pressure
(7–9th panels of Figure 5). At t = 30 s, the shock front
is located at a radius of ≈ 1010 cm and its expansion
velocity is ≈ 5 × 108 cm/s. We estimate that the total
energy of outflows injectable into the envelope is of the
order of 1050 erg.
We define the total mass, M>6, total internal energy,
E>6, and total neutrino emission rate, Qν,>6, of the re-
gion with ρ ≥ 106 g/cm3. These quantities represent
approximately the quantities of the torus. M>6, E>6
and Qν,>6 are calculated by
M>6 =
∫
ρ≥106gcm−3
ρ∗d3x, (9)
E>6 =
∫
ρ≥106gcm−3
ρ∗ d3x, (10)
and
Qν,>6 =
∫
ρ≥106gcm−3
ρ∗|qneu|αd3x, (11)
respectively. Here,  is the specific internal energy.
Figure 7 shows the time evolution of M>6 (solid
curve), E>6 (dotted curve) and Qν,>6 (dashed curve)
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Figure 8. The rest-mass density (left), temperature (middle) and mean nucleon number (right) profiles of the torus for model
a10 at t = 10 s.
for model a10. The bubble starts expanding and col-
lides with the torus at t ≈ 1 s. Then, the torus is
heated up by the shock. For t & 4 s, the shock front
passes through the torus. Thereafter, the torus is grad-
ually cooled by the neutrino emission. The mass of the
torus is ∼ 12M (approximately 8% of the initial rest
mass of the CO core) and neutrino cooling timescale
τν ≡ E>6/Qν,>6 ≈ 10 s at t = 10 s. At the end of the
simulation, the torus relaxes to a quasi-stationary state.
Figures 8 displays the distributions of the density
(left), temperature (middle) and mean nucleon num-
ber (right) of the torus for model a10 at t = 10 s.
The maximum density and temperature of the torus are
6.7 × 109 g/cm3 and 2.1 × 1010 K, respectively. Due
to such high temperature, nearly all the region of the
torus is in a state of NSE. The distribution of the mean
nucleon number shows that the torus is composed pri-
marily of protons, neutrons and 4He generated by pho-
todissociation. Total masses of nucleons (protons and
neutrons) and 4He in the torus at t = 10 s are ∼ 9.4M
and 2.8M, respectively.
3.2.2. model a07
Figure 9 displays the snapshots of the density profile
for model a07. For model a07, although the torus and
outflow are formed in the same process as model a10,
the shock front stagnates at a radius of < 109 cm in
several seconds after the BH formation and then falls
by the ram pressure of the infalling matter at t & 8 s.
Figure 10 illustrates that the pressure behind the shock
is defeated by the ram pressure, and hence, the shock
front falls toward the BH.
Figure 11 shows that the torus evolves approximately
in the same process as model a10 for t < 8 s. However,
for t > 8 s, the shock front falls down and the torus
material accretes onto the BH. As a result, a small torus
with mass ∼ 0.1M is formed at t = 10 s for this model.
3.2.3. model a04
As we illustrate in Figures 12 and 13, no outflow oc-
curs and no torus is formed for model a04. This is due
to the fact that the specific angular momentum of the
fluid elements is too small to remain around the BH.
This result is consistent with what we expected in Sec-
tion 2.3.
In conclusion, for the case that we consider only the
effects of the hydrodynamical instabilities on the trans-
port of angular momentum in the stellar evolution calcu-
lation for rapidly rotating VMSs, approximately 8% of
the initial rest mass of the CO core remains as the torus
surrounding the BH and strong expanding shocks are
formed. However, if the additional mechanisms (e.g., TS
dynamo) decreases the rotation velocity even by 30%, fi-
nally a torus with an appreciable amount of mass is not
formed and outflow does not occur or accretes immedi-
ately onto the BH even if it is driven at the formation
of a torus.
3.3. Properties of the BH
Table 1. The key parameters of the BH for all the models
at t = 10 s. MBH and qBH are the mass and dimensionless
spin parameter of the BH, respectively. Here, MeBH and q
e
BH
are the values estimated in Section 2.3.
Model MBH qBH M
e
BH q
e
BH
a10 131M 0.79 122M 0.83
a07 148M 0.76 147M 0.72
a04 148M 0.44 150M 0.44
We list the quantities of the BH for all the models at
t = 10 s in Table 1. Here, M eBH and q
e
BH are the values
estimated in Section 2.3. For models a10 and a07, the
mass of the BH is larger than the value estimated in
Section 2.3. This is likely due to the fact that each fluid
element of the VMS core falls toward the BH with an
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Figure 9. Same as Figure 5 but for model a07.
Figure 10. Snapshots of the pressure (solid curve) and ram pressure (ρV 2X , dashed curve) profiles in the equatorial plane during
the shock propagation for model a07. Here, VX ≡ uX/ut.
Figure 11. Time evolution of several quantities of the torus
for model a07. The solid, dotted and dashed curves show the
total mass, internal energy and neutrino emission rate of the
region with ρ ≥ 106 g/cm3, respectively.
elliptical orbit, and then, some fluid elements fall into
the BH even if their specific angular momentum is larger
than jISCO. The pressure and geometry of the torus may
also affect the result.
For qBH, model a07 has larger value than q
e
BH. It
is natural because the fluid elements with large specific
angular momentum, which we did not expect to fall into
the BH, actually fall and if the whole core collapses to
form a BH, qBH is estimated to become ∼ 0.78 (> qeBH)
for model a07 (see Section 2.3). However, for model
a10, qBH is lower than q
e
BH. This is due to the neutrino
emission from the torus as we describe in the following.
For model a10, a large amount of neutrinos are emit-
ted from the torus at the time when the torus is heated
up by the shock (see Figure 7). Since the torus mate-
rial is rotating with a relativistic velocity (0.3–0.4 c),
the neutrinos take away a part of the angular momen-
tum of the torus due to the relativistic beaming effect.
Thus, the specific angular momentum of the fluid ele-
ments which accretes onto the BH decreases. On the
other hand, for model a07, the neutrino emission is not
as strong as for model a10 because the mass of the torus
is much smaller than for model a10 (see Figure 11).
Thus, the specific angular momentum of the fluid ele-
ments is not significantly taken away by neutrinos. For
model a04, all the fluid elements of the core accerete to
the BH with little neutrino emission, and thus, the BH
with an expected spin is formed.
3.4. Convergence
We remark the convergence property of the numeri-
cal results. The thin-solid, thin-dotted and thin-dashed
curves in Figure 7 show the time evolution of M>6, E>6
and Qν,>6 for the low-resolution case for model a10, re-
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Figure 12. Same as Figure 9, but for model a04.
Figure 13. Same as Figure 11, but for model a04.
spectively. It is found that these quantities depend only
weakly on the grid resolution. We check that the differ-
ences between the different resolution models at t = 10 s
for M>6, E>6 and Qν,>6 are within 6.0%, 4.3% and
5.6%, respectively. We also check that the difference
of MBH and qBH between the different resolution mod-
els at t = 10 s are within 0.4% and 1.3%, respectively.
Thus, the agreement with different resolution models is
reasonably achieved for these quantities.
4. DISCUSSION
4.1. Evolution of the torus
As we found in the previous section, after the gravi-
tational collapse, a massive torus is formed around the
BH and expanding shocks are launched for model a10.
First, we briefly discuss the possible evolution scenario
of the torus due to the viscous effect.
The last two panels of Figure 5 show that the infall
velocity of the fluid elements inside the shock is much
smaller than that of the outside. This suggests that the
torus does not feel strong ram pressure of the infalling
matter, and thus, we expect that the evolution of the
torus would be similar to that of an isolated torus.
We consider the possible viscous effect associated with
magnetohydrodynamics (MHD) turbulence in the torus
(e.g., Hawley et al. 2013; Suzuki & Inutsuka 2014; Shi
et al. 2016; Salvesen et al. 2016), which is not taken
into account in our present study but it could play an
important role for the evolution of the torus surround-
ing the BH in reality. We evaluate the strength of the
viscosity by Shakra & Suniyaev’s alpha viscosity model
(Shakura & Sunyaev 1973). In this model, the shear
viscous coefficient can be written as
ν = αviscsH, (12)
where αvis is the so-called α-viscosity parameter, cs and
H are the sound speed and the vertical scale height of
the torus, respectively.
Assuming that the evolution of the torus could be de-
scribed by a standard accretion disk theory (Shakura &
Sunyaev 1973), the viscous timescale is estimated by
tvis ∼ α−1vis
(
R3torus
GMBH
)1/2(
H
Rtorus
)−2
≈ 19 s
(αvis
0.01
)−1( MBH
130M
)−1/2
×
(
Rtorus
2× 108 cm
)3/2(
H/Rtorus
1/3
)−2
, (13)
where MBH and Rtorus are the mass of the BH and the
typical radial scale of the torus, respectively. Equa-
tion (13) shows that the viscous accretion timescale is of
the order of 10 s for a plausible value of αvis = O(0.01)
for model a10. Here, αvis = O(0.01) is suggested to be
a typical value for accretion disks by a number of high-
resolution MHD simulations (Hawley et al. 2013; Suzuki
& Inutsuka 2014; Shi et al. 2016; Salvesen et al. 2016).
The mass accretion could occur in this timescale and
matter in the outer part of the torus receives the angular
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momentum from its inner part. Then, the torus expands
and a part of its mass would be ejected. Ferna´ndez &
Metzger (2013) and Just et al. (2015) showed that a
fraction (∼ 20%) of the matter of a torus surrounding a
BH could be ejected by the viscous effect in the absence
of strong cooling effects. Also, recent general-relativistic
MHD simulations showed that the total amount of the
ejected mass could reach 20–40% of the initial torus
mass (Siegel & Metzger 2017; Ferna´ndez et al. 2018).
We expect that in the expanding torus and ejecta, the
recombination of light elements would occur and abun-
dant thermal energy would be released (e.g., Ferna´ndez
& Metzger 2013). The thermal energy released for the
recombination of protons and neutrons to 4He is
E2p+2n→4He ≈ 1.4× 1052
(
Mp+n
M
)
erg, (14)
where Mp+n is the total mass of reacted protons and
neutrons which is assumed to be ∼ 10% of the torus
mass.
Hence, if the nuclear reaction of protons and neutrons
to 4He occurs even with a few M, explosive energy
as the same order as explosion energy of hypernovae
(∼ 1052 erg) is released. If such an amount of thermal
energy is efficiently deposited, the mass ejection would
become stronger, and thus, the ejecta would inject more
energy to the envelope of the progenitor star. Then,
the luminosity of the explosion would be high enough
to be observed (see Section 4.2). Since we found that
the cooling timescale by the neutrino emission of the
torus is & 10 s, long-term simulations including both
the neutrino cooling and viscous heating are necessary
to follow the detailed time evolution of the torus. This
is an interesting topic to be explored in the future.
We note that recent MHD simulations of the gravi-
tational collapse of magnetized massive Population III
stars and SMSs suggest that the magnetic-field effects
could launch a jet (Suwa et al. 2007; Sun et al. 2017,
2018). Such jets may also significantly inject the energy
in the envelope.
4.2. Explosion luminosity
When the outflow and ejecta collide with the envelope,
shocks are formed and propagate through the envelope.
We have found in this study that the energy of the out-
flow is much less than the possible injection energy from
the torus ejecta. Thus, in the following, we take into
account the energy injection only from the torus.
After the shock propagation, the matter in the en-
velope behind the shock is heated up, and when the
shock reaches the surface of the envelope, it could be
observed as a SN explosion. Since the expanding enve-
lope is hydrogen-rich, this process is similar to the Type
IIP SNe. Here, we estimate the bolometric light curve of
the hypothetical explosion by using the method of Ar-
nett (1980) and Popov (1993) and following Appendix
4 of Nakauchi et al. (2013).
Arnett (1980) and Popov (1993) analytically formu-
lated the light curve model of the spherically expand-
ing shock-heated ejecta. This formulation assumes that
the explosion energy injected by the ejecta, Eexp, is
equally distributed into kinetic and internal energy, i.e.,
Eexp/2 = Eint = Ekin where Eint and Ekin are the to-
tal internal energy and kinetic energy of the envelope,
respectively. The radius of the surface of the envelope,
R(t) is written as
R(t) ≡ R0 + vsct, (15)
where R0 is the initial radius of the envelope (for our
model, R0 ≈ 3.6 × 1014 cm) and vsc is the expansion
velocity.
Assuming the uniform density profile and the homol-
ogous expansion, we have
ρ(t) =
3Menv
4piR30
(
R(t)
R0
)−3
, (16)
v(r, t) =
r
R(t)
vsc, (17)
where r and Menv are the radial coordinate and total
mass of the envelope, respectively. By using the equa-
tion of the kinetic energy, Ekin =
∫ R(t)
0
ρv2/2 dV , vsc is
obtained as
vsc =
√
10Ekin
3Menv
≈2.4× 108 cm/s
×
(
Eexp
1052 erg
) 1
2
(
Menv
150M
)− 12
. (18)
From the first law of thermodynamics, the thermal
evolution of the envelope could be described by
∂e
∂t
+ P
∂
∂t
(
1
ρ
)
= − ∂L
∂mr
, (19)
where e, P, L and mr are the specific internal energy,
pressure, luminosity and enclosed mass, respectively.
We suppose that the envelope is radiation-pressure-
dominant, i.e., ρe = 3P = aT 4 where a is the radiation
constant. In the diffusion approximation, L is written
as
L = −4pir
2ac
3κρ
∂T 4
∂r
. (20)
Here, κ is the opacity. For simplicity, we assume that κ
is written as
κ =
κT ≈ 0.27 cm2 g−1 (T ≥ Tion),0 (T < Tion), (21)
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where κT is the Thomson scattering opacity of the enve-
lope (we assumed that the mass fractions of 1H and 4He
of the envelope are ∼ 0.34 and ∼ 0.63, respectively) and
Tion is the hydrogen recombination temperature. We
take Tion = 6000 K and for the region T < Tion, we as-
sume that the recombination of hydrogen atoms occurs
and this region becomes optically transparent (Weaver
& Woosley 1980; Litvinova & Nadezhin 1985).
We define the expansion time, te, and the photon dif-
fusion time, td, as
te≡ R0
vsc
≈ 1.7× 106 s (22)
×
(
R0
4× 1014 cm
)(
Eexp
1052 erg
)− 12 ( Menv
150M
) 1
2
,
td≡
√
9κMenv
2pi3vscc
(23)
≈4.0× 107 s
(
Eexp
1052 erg
)− 14 ( Menv
150M
) 3
4
.
Then, from Equations (19) and (21), the time evolution
of the photosphere radius, Rph(t), is obtained as
Rph(t) =
R(t) (t ≤ ti),Rion(t) (t > ti), (24)
where
Rion(t)
2 = v2sc
{
τiτ
(
1 +
τ2i
3t2d
)
− τ
4
3t2d
}
. (25)
Here, τ ≡ t+te and τi ≡ ti+te. ti is the time at whith the
surface effective temperature of the photosphere drops
to Tion. The method for calculating ti is described in
the next paragraph.
The time evolution of the bolometric luminosity is ob-
tained as
L(t) =
L0exp{−(t2 + 2tet)/t2d} (t ≤ ti),4piRion(t)2σSBT 4ion (t > ti), (26)
where
L0 =
teEexp
t2d
≈ 1.0× 1043 erg/s
×
(
R0
4× 1014 cm
)(
Eexp
1052 erg
)(
Menv
150M
)−1
.(27)
Here, σSB is the Stefan Boltzmann constant. The effec-
tive temperature of the photosphere, Teff , can be given
by the relation L = 4piR2phσSBT
4
eff and ti can be deter-
mined by solving the condition Teff(ti) = Tion. For the
Figure 14. Time evolution of the bolometric luminosity
described in Equation (26). We take R0 = 3.6×1014 cm and
Menv = 150M. The solid, dotted and dashed curves show
the light curves for the case of of Eexp = 10
51, 1052 and 1053
erg, respectively.
case of t2i  t2d and teti  t2d, ti is approximately given
by
ti + te∼
(
L0
4piσSBv2sc
) 1
2
T−2ion (28)
≈1.4× 107 s
(
R0
4× 1014 cm
) 1
2
.
Rion takes a maximum at t = tmax where
tmax + te ∼
(
3
4
)1/3
τ
1/3
i t
2/3
d (29)
≈ 2.5× 107 s
×
(
R0
4× 1014 cm
) 1
6
(
Eexp
1052 erg
)− 16 ( Menv
150M
) 1
2
.
Rph at t = tmax is given by
Rph( tmax ) ∼
(
3
4
)2/3
vscτ
2/3
i t
1/3
d (30)
≈ 3.9× 1015 cm
×
(
R0
4× 1014 cm
) 1
3
(
Eexp
1052 erg
) 5
12
(
Menv
150M
)− 14
,
where we neglect the term τ2i /3t
2
d ( 1). At this time,
the bolometric luminosity also takes a maximum value,
Lmax∼4piRph(tmax)2σSBT 4ion (31)
≈1.4× 1043 erg/s
×
(
R0
4× 1014 cm
) 2
3
(
Eexp
1052 erg
) 5
6
(
Menv
150M
)− 12
.
Figure 14 shows the time evolution of the bolometric
luminosity described in Equation (26). This shows that
for the case of Eexp = 10
52 erg, the bolometric luminos-
ity becomes ≈ 1043 erg/s and its duration is of order
yrs. These luminosity and timescale are similar to those
of the peculiar hydrogen-rich SN (Arcavi et al. 2017).
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4.3. Ringdown gravitational waves associated with the
formation of BHs
Our previous studies for the gravitational collapse of
rapidly rotating SMSs showed that burst gravitational
waves are emitted in the formation process of rotating
BHs and the total radiated energy, ∆E, is of the or-
der of 10−6MBHc2 (Shibata et al. (2016a); Uchida et al.
(2017), see also Sun et al. (2017, 2018)). Our prelim-
inary simulations show that during the BH formation
in the collapse of rapidly rotating VMSs, gravitational
waves are also emitted in a similar manner to those of
SMSs.
Here, we briefly estimate the frequency and amplitude
of gravitational waves and discuss its observability for
model a10. The frequency of gravitational waves, fgw,
can be approximated by the frequency of the axisymmet-
ric mode of the ringdown oscillation associated with the
formed BH (Berti et al. 2009). Inserting MBH = 131M
and aBH = 0.79MBH to the Equation (97) of Berti et al.
(2009), we obtain fgw ≈ 99 Hz.
Following Shibata et al. (2016a), we suppose that the
gravitational wave amplitude would be approximately
written as
h∼ 4GMBH
c2D
√
gw, (32)
≈1.6× 10−22
(
MBH
131M
)(
D
100 Mpc
)−1 ( gw
10−6
)1/2
,
where D is the luminosity distance to the source and
gw ≡ ∆E/MBHc2. We take D = 100 Mpc, which is
the same order as the luminosity distance of the pe-
culiar hydrogen-rich SN (Arcavi et al. 2017). Thus, if
gw = O(10
−6) and the collapse of a VMS occurs at
D ∼ 100 Mpc, gravitational waves observed will be in
the sensitive observation band of ground-based gravi-
tational wave detectors (e.g., Advanced LIGO; Abbott
et al. (2017)), in particular future ground-based detec-
tors such as Einstein telescope (Hild et al. 2011). It is
our future work to investigate the observability of these
gravitational waves in more detail.
4.4. Remark
It is uncertain whether rapidly rotating VMSs in iso-
lation could result in rapidly rotating CO cores such as
those investigated in this work. On one hand, the slow
rotation rates of neutron stars (Heger et al. 2000), white
dwarfs (Suijs et al. 2008) and red giant cores (Mosser
et al. 2012) suggest that the angular momentum trans-
port in a star is more efficient than that expected from
the hydrodynamical instabilities. On the other hand,
progenitor stars of GRBs are considered to be massive
stars which have a rapidly rotating core (Woosley 1993;
MacFadyen & Woosley 1999). That is, even though
there are efficient angular momentum transport mecha-
nisms, special evolution paths which can form a rapidly
rotating core should exist (e.g., binary merger (Fryer &
Woosley 1998; Fryer & Heger 2005) and chemically ho-
mogeneous evolution (Yoon & Langer 2005; Woosley &
Heger 2006)). Thus, VMSs with rapidly rotating CO
cores are likely to be formed by such special evolution
scenarios.
5. CONCLUSION
We explored the gravitational collapse of rotating
VMSs in axisymmetric numerical relativity. We se-
lected a progenitor ZAMS star with the initial mass of
MZAMS = 320M and rotating rigidly with the rotation
velocity of 50% of the Kepler rotation at its surface.
1D stellar evolution calculation is performed from
the ZAMS stage until the central temperature reaches
log10Tc [K] ≈ 9.2 including the effects of angular mo-
mentum transport induced by hydrodynamical instabil-
ities. At this stage, we mapped the resulting 1D stellar
evolution models onto 2D grids of axisymmetric gravi-
tational collapse simulations as the initial conditions. In
the stellar evolution stage, we neglect the effects of other
additional angular momentum transport mechanisms.
The additional mechanisms may increase the efficiency
of angular momentum transport and decrease the final
core angular velocity (for example, it is suggested that
the TS dynamo would decrease it approximately by one
order of magnitude (Takahashi et al. 2018)). To consider
the cases for which the angular velocity is decreased due
to such effects, we simulated two additional models for
which the angular velocity is multiplied by a factor of
0.7 (model a07) and 0.4 (model a04) in addition to the
original model (model a10).
We found that for all the models, a BH is formed
promptly after the gravitational collapse. For model
a10, a fraction of the accreted matter forms a torus sur-
rounding the remnant BH and drives an outflow. The
outflow expands to form shocks in the core. In a few
seconds after the BH formation, the torus relaxes to a
quasi-stationary state with mass ≈ 12M composed of
protons, neutrons and 4He generated by photodissocia-
tion. On the other hand, for models a07 and a04, finally
only a small or no torus is formed and outflow does not
occur or accretes immediately onto the BH even if it is
driven at the formation of a torus. This is because the
specific angular momentum of all the fluid elements is
too small to form a large torus and strong outflow.
We analyzed the parameters of the remnant BH
formed after the gravitational collapse. For models
a10 and a07, the resulting mass of the BH is larger than
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the expectation based on a method in Shibata et al.
(2016b). This is because in our expectation, we regard
each fluid element of the VMS core as a test particle,
and assume that it has a circular orbit around the hy-
pothetically formed BH. However, in reality, each fluid
element of the VMS core falls in an elliptical orbit to
the central BH and feels the pressure force. Hence, a
fraction of the additional fluid elements fall into the
BH even though they have specific angular momentum
larger than the value of ISCO. For the spin of the BH,
model a07 has a larger value than the expectation. It
is natural because the fluid elements with large specific
angular momentum, which we do not expect to fall into
the BH, actually fall. On the other hand, model a10 has
a lower value than the expectation. This is due to the
neutrino emission from the torus. Since the torus ro-
tating with relativistic velocity (0.3–0.4 c) emits a large
amount of neutrinos for model a10, a part of the angular
momentum of the fluid elements accreting to the BH
is taken away by the neutrinos due to the relativistic
beaming effect. Thus, the resulting spin of the BH for
model a10 becomes a lower value. On the other hand,
for model a07, since the effect of the neutrino emission
is minor, the angular momentum of the fluid elements
is not significantly taken away by neutrinos. For model
a04, all the fluid elements of the core accrete to the
BH with little neutrino emission, and hence, a BH with
expected mass and spin is formed.
We discussed a possible evolution process of the torus
for model a10. Because a strong outflow is driven soon
after the the BH formation in this model, the torus does
not feel strong ram pressure of the infalling matter, and
thus, the evolution of the torus would be similar to that
of an isolated torus. Assuming the α-viscosity model
and that the evolution of the torus could be described
by a standard accretion disk theory, we found that the
viscous accretion timescale is of the order of 10 s for a
plausible value of αvis = O(0.01) for model a10. Because
the neutrino cooling timescale is longer than the viscous
timescale, the torus is likely to expand and a part of
its mass is ejected in the viscous timescale. We expect
that in the expanding torus and ejecta, the recombina-
tion of light elements would occur and abundant ther-
mal energy would be released. If the nuclear reaction of
protons and neutrons to 4He occurs in the ejecta even
with a few M, explosive energy as the same order as
explosion energy of hypernovae (∼ 1052 erg) is released.
If such an amount of thermal energy is efficiently de-
posited, the mass ejection would become powerful, and
thus, the ejecta would inject significant energy to the
envelope.
We estimated bolometric luminosity and the timescale
supposing that the energy injection from the torus to
the envelope occurs and after the energy injection, the
envelope would be heated up and start expanding like
in a SN explosion. We found that if the ejecta injects
energy of the order of 1052 erg, the bolometric luminosity
and timescale are of the order of 1043 erg/s and yrs,
respectively.
We discussed the possibility for observing gravita-
tional waves associated with the BH formation. We esti-
mate the frequency and amplitude of gravitational waves
for model a10 and find that if the total radiated energy
is O(10−6)MBHc2 and the collapse of a VMS takes at
∼ 100 Mpc, the frequency and amplitude are ∼ 100 Hz
and ∼ 10−22. These values are in the sensitive obser-
vation band of ground-based gravitational wave detec-
tors, in particular, future ground-based detectors such as
Einstein telescope. Exploring the observability of these
gravitational waves in more detail is our future work.
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APPENDIX
A. NUMERICAL TEST : PISN SIMULATION
Figure 15. Progenitor profile of the model for the test calculation as functions of the enclosed mass at the end of stellar
evolution calculation. Left panel shows the density (solid curve) and radius (dashed curve) distribution, respectively. Right
panel shows the chemical distribution. The solid, dashed, dotted and dashed-dotted curves show the chemical abundance of 1H,
4He, 12C and 16O, respectively. The vertical red dotted line of the left panel denotes Xmax of the test calculation.
For a test calculation of our 2D gravitational collapse code, we performed a PISN simulation of a non-rotating
VMS with the initial mass of MZAMS = 200M. For the initial rotation profile of the progenitor ZAMS star, we
employed the rigid rotation with the rotation velocity of 30% of the Kepler rotation at its surface (angular velocity
≈ 1.7 × 10−4 s−1). Figure 15 shows that the density, radius profile (left panel) and chemical distribution (right
panel) of the progenitor star at the end of stellar evolution calculation. The total mass of the star at this stage is
M ≈ 190M (RM ≈ 2.8× 107 cm) and the outer edge of the CO core is located at ≈ 3.9× 1010 cm (≈ 1400RM).
We performed the 1D-spherical calculation in addition to the 2D calculation and compare the results of each calcula-
tion. For the 1D calculation, the 1D-spherical general-relativistic Lagrangian hydrodynamic code (Yamada 1997) with
47 isotopes reaction network are used. For the 2D calculation, the grid parameters for the axisymmetric numerical
simulation are set to be (∆X0, η, Xin, Xmax) = (2RM , 1.017, 40RM , 3400RM ). The vertical red dotted line of the
left panel of Figure 15 denotes Xmax. We set the rotation velocity to 0 to match the condition with the 1D calculation
and added a perturbation that uniformly increases the internal energy by 1% at the start of calculation so that the
maximum central temperature and density between the 1D and 2D calculations match.
Figure 16. Time evolution of the central temperature and density (left panel) and total mass of each major element in the CO
core (right panel). The origin of time is taken at the time at which the central density becomes the maximum value for each
calculation. The solid and dashed curves show the results of 2D and 1D calculations, respectively.
Figure 16 shows the time evolution of central density and temperature (left panel) and total mass of each major
element (right panel) in the CO core. The solid and dashed curves show the results of the 2D and 1D calculations,
respectively. The origin of time is taken at the time at which the central density becomes the maximum value for each
calculation. Figure 16 shows that the results of the 1D and 2D calculations are in good agreement. This indicates that
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our 2D code would be able to handle the gravitational collapse and explosion by the nuclear reaction as accurately as
the 1D code.
